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The splitting number of a graph on a surface is defined, and a formula for the splitting 
number of the complete graph on the torus is established. The method of proof is to use 
Euler's generalized polyhedral formula for the lower bound, then current graphs are used to 
obtain the duals of splittings of K12~+1 and K12s+ 7. Suitable additions are made to these duals 
to obtain the other cases. 
1. Introduction 
The complete graph Kn is defined to be the set of n vertices together with all (2) 
edges between vertices. The largest complete graph which can be embedded in 
the toms with no crossings is KT. (See Fig. 1.) 
If H is a graph on p vertices, then a new graph G with p - 1 vertices can be 
constructed from H by replacing two vertices u and v of H by a single vertex w 
which is adjacent with all the vertices of H that are adjacent with either u or v. 
Then G is obtained from H by a vertex identification. The toroidal splitting 
number o(G, SO is defined to be the smallest number k such that G can be 
obtained from a graph embeddable in the torus by k vertex identifications. (In 
this paper a graph is assumed to have no loops or multiple edges.) 
Conversely, we say that H is obtained from G by k vertex splittings. 
So the toroidal splitting number o(G, St) is the smallest number of vertex 
splittings necessary to transform G into a graph embeddable in the toms with no 
crossings. 
Clear ly ,  o(K7, $1) = 0, since K7 is embeddable in the torus with no crossings. 
The main result of this paper is the following 
Theorem. The toroidal splitting number of the complete graph Kn is 
a(lCn, S0=0,  n <8, 
o(Kn, S1)= [-~(n- 3 ) (n -4 ) ]  -2 ,  n~>8, (1) 
where the symbols [, ] denote the smallest integer greater than or equal to the 
quantity enclosed. 
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Fig. 1. 
Proof. First a lower bound for o(G, $1) is derived. Let G be a graph with p 
vertices and q edges. If tr(G, $1) = k, then there exists a graph H embeddable in 
the torus such that G can be obtained from H by K vertex identifications. Then H 
has p + k vertices and q' t> q edges. 
An embedding of a graph G into a surfgace S is called a triangular embedding if
every face of the embedding is a triangle. The following argument is from 
Ringel's book [3]. 
Euler's polyhedral formula gives us 
v-  E + F = E(S) ,  
where E(S) denotes the Euler characteristic of the surface. 
From this we see that for our graph H 
(p + k) - q' + F = E(S~). (2) 
If the embedding is triangular, then 2q' = 3F. If some faces are not triangles, then 
2q' > 3F. Combining these, we obtain 2q' 1> 3F or F ~< 2q,. Then, substituting in 
(2) above, 
(p + k) - q' + ~3q' >~ E(S1) or k >~ E(S1) + ½(q' - 3p). 
Since k = e(G, Sx) and E(S1) = 0 
o(G, $1) >I ~(q' - 3p). (3) 
Moreover, equality holds if and only if every face of the embedding of H in S~ 
is a triangle and q' = q. 
Using the terminology of Jackson and Ringel [1], a splitting H of G which has a 
triangular embedding in S is called a triangular splitting of G on S. If H is a 
triangular splitting of G on S with the same number of edges as G, H is called a 
perfect splitting of G on S. 
If q #: 0 (mod 3), then a(q _ 3p) is not an integer and no perfect splitting H of 
G on S exists. However, if a triangular splitting of G on S with only one or two 
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more edges than G can be exhibited, this shows that 
o(G, S)= [!3(q - 3p)] + E(S) or o(G, $1) = [-~(q - 3p)]. 
Then H is called an almost perfect splitting of G on S. 
If G = Kn and S = $1, then (3) becomes o(Kn, $1) >i 1{(2) - 3n}, which when 
simplified becomes 
o(K~, S 0 >>- ~(n - 3)(n - 4) - 2. 
Thus the lower bound is established. To establish that a(K,,S1)= 
[!6(n- 3 ) (n -  4)] -2  it will be necessary to exhibit a perfect splitting of K,, for 
n -= 0 (mod 3) and n = 1 (mod 3) and an almost perfect splitting for n = 2 (mod 3). 
In order to do this, some additional terminology will be necessary. 
Let G be a graph embedded in a surface S. If we place a vertex in each face 
and connect vertices of adjacent faces with edges, the resulting graph H is called 
the dual graph of G, or just the dual of G. Figure 2 shows the dual of K7 on $1. 
The dual of the dual H is again G. 
If every vertex of the dual H has valence three, then every face of G is a 
triangle. (This follows immediately from the definition of the dual). 
2. Some examples for small values of n 
The dual of K7 on $1 may be interpreted as a map of seven mutually adjacent 
countries. 
Now suppose that instead of countries we have empires where countries with 
the same label are parts of one empire. If each empire has m countries, Ringel 
and Jackson [2] call it an m-pire. Figure 3 shows a map of 13 mutually adjacent 
2-pires on the torus. 
Given the embedding of the dual of K7 on the toms, we can construct an 
almost perfect splitting of K8 by first adding a triangular country labelled 1 where 
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countries 3, 6, and 4 meet. Now countries 1 and 3, 1 and 4, and 1 and 6 are each 
adjacent wice. Where countries 1 and 3 were originally adjacent in the map, we 
can extend country 0 until it meets country 4, thus eliminating the original 
adjacency between country 1 and country 3. Now countries 0, 3, and 4 meet at a 
point. A triangular country labelled 8 is placed at this point. Then a quadrilateral 
labelled 8 is placed along the original edge between country 1 and country 6. This 
eliminates an adjacency between country 1 and country 6, but they were adjacent 
twice, so they are still adjacent elsewhere in the map. The dual of the resulting 
map is an almost perfect splitting of K8 with extra adjacencies at 0,4 and 1,4. (See 
Fig. 4). In the dual of this map, if the two vertices labelled 8 and the two vertices 
labelled 1 are identified, we obtain Ks, thus showing that 
or(Ks, $1) = 2 = [~(8 - 3)(8 - 4)1 - 2. 
The additions of countries 1 and 8 are denoted 
1. (3, 6, 4); 8. (1, 2, 6, 5), (0, 3, 4). 
Figures 5-8 show perfect splittings of Kg, K10, KlZ, and Kz2 respectively, 
constructed by addition of polygons to the map of the dual of K7 on the torus, 
thus proving the theorem for n ~ 12. 
As mentioned before, Fig. 3 shows a map of 13 mutually adjacent 2-pires on 
the torus. If we look at quadrilateral 0 we observe that the cyclic order of its 
1 2 1 
Fig. 4. 





Fig. 7. Fig. 8. 
neighbors is (2,5, 12,9). Similarly, the octagon labelled 0 has neighbors 
(6, 4, 3, 11, 7, 8, 10, 1). A combinatorial scheme describing the map consists of 
such listings for every empire. 
0. (2, 5, 12, 9)(6, 4, 3, 11, 7, 8, 10, 1), 
1. (3, 6, 0, 10)(7, 5, 4, 12, 8, 9, 11, 2), 
2. (4, 7, 1, 11)(8, 6, 5, 0, 9, 10, 12, 3), (4) 
12. (1, 4, 11, 8)(5, 3, 2, 10, 6, 7, 9, 0). 
Scheme (4) satisfies the following: 
Rnle R. If in row i there occurs i . . .  a k b . . . ,  then in row k there occurs either 
k . . .  b ia . . . ,  or k . . .  a ib  . . . .  
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Given a combinatorial scheme satisfying Rule R we can construct a map where 
every vertex has valence three. 
Observe that row 0 of scheme (4) gives all the information eeded to construct 
the entire scheme. Thus row i can be obtained from row 0 by adding i to each 
entry, with addition considered modulo 13. 
To obtain row 0, a current graph (Fig. 9) is used. The theory of current graphs 
is explained fully in Ringel's book [3]. Each arc (directed edge) of the graph in 
Fig. 9 is labelled with an element of Z13, called the current of the arc. There are 
black vertices and white vertices in the graph. The black vertices denote a 
clockwise rotation and the white vertices a counterclockwise rotation. A circuit of 
the graph is obtained if we begin along .a given arc, proceeding in a given 
direction and when we come to a vertex, if it is black we proceed along the next 
arc considered clockwise. We continue in this manner until we reach our starting 
point. There are two circuits in the graph in Fig. 9. If we traverse an arc in the 
same direction as the arrow, we record the current of the arc. If we traverse an 
arc in the opposite direction of the arrow, we record the negative of the current. 
Thus the logs of the two circuits in Fig. 9 are (2, 5 , -1 , -4 )  and (6, 4, 3 , -2 ,  
-6 ,  -5 ,  -3 ,  1). 
Finally we replace each negative by the corresponding element of 7/13, thus 
obtaining row 0 of scheme (4). 
The current graphs used in this paper all satisfy the following three properties: 
(C1) Each vertex has valence three. 
(C2) Each of the elements 1, 2 , . . . ,  [½n] occurs as the current of exactly one 
arc, where ~',, is the group used. 
(C3) At each vertex the sum of the inward flowing currents equals the sum of 
the outward flowing currents (Kirchhoff's Current Law). 
~12s41 
3s+2 3s-4 
6s3S- l~~~'~~-  . . . -~r~_16s  
3s-2 3s+4 
Fig. 10. 
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From properties (C1) and (C3) it follows that the constructed map will have 
only vertices of valence 3, while property (C2) assures that each empire is 
adjacent o each other empire exactly once. 
The current graph of Fig. 10 generates a scheme for a map of 12s + 1 mutually 
adjacent (2s)-pires on the torus. The dual of this map is a perfect splitting of 
K:2~+1. When one identifies the 2s vertices with each label in the dual graph, one 
obtains K~2~+~ after (2s - 1)(12s + 1) identifications, thus proving the theorem for 
all n = 12s + 1. 
To the map of 12s + 1 mutually adjacent (2s)-pires, polygons will be added to 
construct maps whose duals are perfect splittings or almost perfect splittings of 
K12s+2, K12s+3, K12s+4, K12~+5, and g12s+ 6. 
The current graph of Fig. 11 generates a scheme for a map of 12s + 7 mutually 
adjacent (2s + 1)-pires on the torus. The dual of this map is a perfect splitting of 
K12s+7, requiring 
(2s)(12s + 7)= [-~((12s +7) - 3)((12s + 7) -4 ) ]  - 2 
identifications. Thus the theorem is proved for all n = 12s + 7. 
To the map of 12s + 7 mutually adjacent (2s + 1)-pires, polygons will be added 
to construct maps whose duals are perfect splittings or almost perfect splittings of 
K12s+8, K12s+9, g12s+lO , K12s+ll , and K12s+12. 
The following are constructions of almost perfect splittings of K:2~+2 and K:2~+s 
and perfect splittings of g12s+3, g:2s+4, and g12s+6 for s t--4. The first splitting 
thus obtained is for n = 50. 
3. The general solution 
Case n ~- 2 (rood 12) 
The map of 12s + 1 mutually adjacent (2s)-pires constructed from the current 
graph of Fig. 10 is dual to a perfect splitting of K12~+1. We start with this map and 
construct an almost perfect splitting of K12s+2 in the following way. 
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In the current graph of Fig. 10 there is a vertex incident o edges with outward 
flowing currents 9, 3s - 5, and - (3s  + 4) in their proper cyclic rotation. Thus in 
the map constructed there is a vertex where the three empires z, z -  9, and 
z + 3s - 5 meet. For z = 1 this means the empires 1, 12s - 7, and 3s - 4 meet at 
one point. At this point add a triangular country to empire 9s and denote this 
addition 
9s. (1, 12s -7 ,3s -4 ) .  
This gives a map on the torus of 12s + 1 mutually adjacent empires with extra 
adjacencies between empires 9s and 1, 9s and 12s -7 ,  and 9s and 3s -4 .  
Now, by referring to the current graph of Fig. 10, one can check that in the 
map one of the countries of empire 9s has neighbors 3s -  3, 3s -4 ,  and 9s -  2, 
considered counterclockwise. Along the edge between country 9s and country 
3s - 4 we place a quadrilateral labelled 12s + 2 and denote this addition 
12s + 2. (9s - 2, 9s,  3s  - 3,  3s  - 4). 
Now empires 9s and 3s - 4 are no longer adjacent at this point in the map, but 
they are still adjacent where we added the triangle labelled 9s. 
Again referring to the current graph of Fig. 10, we find that one of the 
countries of empire 9s has neighbors 12s -1 ,  1, and 12s -4 ,  considered 
counterclockwise. (Fig. 12). Since empires 1 and 9s are adjacent twice in the map, 
we can extend country 12s - 4 between countries 9s and 1 until it is adjacent with 
country 12s -  1. Now we have a vertex where empires 1, 12s -  4, and 12s -  1 
meet at a point, and we add a triangular country labelled 12, + 2 at this point. 
(Fig. 13). 
12s + 2. (1, 12s - 4, 12s - 1). 
Finally we add more triangular countries all labelled 12s + 2. 
12s + 2. (0, 12s, 6s + 3) 
(3s + 1, 3s, 9s + 4) 
(9s - 7, 9s - 8, 3s - 5) 
(3s - 7, 9s - 5, 9s - 3) 
(3s - 6, 3s - 2, 9s + 1) 
(3s - 1, 6s, 3s + 2) 
(6s - 6, 6s - 4, 12s - 7) 
(6s - 5, 6s - 3, 12s -6 )  
(6s - 2, 6s -  1, 12s - 2) 
(gs - 4, 12s - 3, 9s - 1) 
The toroidal splitting number of the complete graph kn 43 
Fig. 12. 
~ ,2s- 4 ( 
~ s+2 
Fig. 13. 
The gaps in the column indicated by the dots symbolize arithmetic sequences 
where the two entries above the dots define the difference. 
To check that the vertices listed as triples above actually exist on the map, one 
can refer to the current graph of Fig. 10. For example, there is a vertex with 
inward flowing currents 4 and 6s -  6, and outward flowing current 6s -  2. This 
means that in the generated map countries z, z + 4, and z -  (6s -  6) meet at a 
point. For z = 3s - 6 this results in the triple (3s - 6, 3s - 2, 9s + 1). In a similar 
manner each of the triples listed above can be located in the current graph. One 
can check that in the new empire map empire 12s + 2 is adjacent o each of the 
empires 1 ,2 , . . . ,  12s + 1 exactly once. So the new map has two extra ad- 
jacencies, namely 9s, 12s -  7 and 12s -  4, 12s -  1. The dual to this map is an 
almost perfect splitting of K]2s+2. 
Case n ~ 3 (mod 12) 
Two quadrilaterals abelled 12s + 3 are added along the extra edges between 
9s, 12s - 7 and 12s - 4, 12s - 1. Then many triangles labelled 12s + 3 are added 
to obtain a perfect splitting of K12s+ 3. These triangles are listed in details in the 
Appendix under Case n-= 3 (mod 12). Similarly the detailed modifications are 
listed in the other cases. 
Case n = 4 (mod 12) 
Triangles labelled 12s + 4 are added to the map of 12s + 3 mutually adjacent 
empires to obtain a perfect splitting of gl2s+ 4. 
Case n -= 5 (mod 12) 
Many triangles labelled 12s + 5 and one triangle labelled 2 are added to obtain 
an almost perfect splitting of K12~÷5 with extra adjacencies at 2, 6s -  1 and 2, 
12s + 4. 
Case n - 6 (mod 12) 
One pentagon labelled 12s + 6 is added along edges 2, 6s - 1 and 2, 12s + 4 and 
many triangles labelled 12s + 6 are added to obtain a perfect splitting of K12~÷6. 
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Case n -= 8 (rood 12) 
To the map of 12s + 7 mutually adjacent (2s + 1)-pires generated from the 
current graph of Fig. 11, we add a triangle labelled 3s + 3 at the vertex where 
countries 3s, 9s + 7, and 9s + 5 meet. Now empire 3s + 3 is adjacent twice to each 
of 3s, 9s + 7, and 9s + 5. In another portion of the map we have the local region 
shown in Fig. 14. We add a quadrilateral labelled 12s + 8 along the edge between 
countries 3s + 3 and 9s + 7, thus eliminating the extra adjacency between empires 
3s+3 and 9s+7.  
Now consider the region in the map where 3s + 3 and 3s are adjacent. (Fig. 
15). Since 3s + 3 and 3s are again adjacent where we added the triangle labelled 
3s + 3, we can extend country 6s + 1 along the edge between 3s + 3 and 3s until it 
is adjacent with 12s + 5. (Figure 16). 
Now we add a triangle labelled 12s + 8 where countries 6s + 1, 3s, and 12s + 5 
meet. Then we add more triangles labelled 12s + 8 to obtain an almost perfect 
splitting of K12~+s with extra adjacencies at 3s + 3, 9s + 5 and 6s + 1, 12s + 5. 
Case n - 9 (rood 12) 
Two quadrilaterals labelled 12s + 9 are added along extra edges between 
empires 3s + 3 and 9s + 5, and 6s + 1 and 12s + 5, and many triangles labelled 
12s + 9 are added to obtain a perfect splitting of K12s+9. 
Case n =- 10 (mod 12) 
Many triangles labelled 12s + 10 are added to obtain a perfect splitting of 
gl2s+lO. 
Case n =- 11 (mod 12) 
Many triangles labelled 12s + 11 and one triangle labelled 9s + 3 are added to 
obtain an almost perfect splitting of K12s+11 with extra adjacencies at 3s + 1, 
9s + 3 and 3s + 3, 9s + 3. 
Case n =-- 12 (mod 12) 
One pentagon labelled 12s + 12 is added along edges between 3s + 1 and 
9s + 3, and 3s + 3 and 9s + 3, and many triangles labelled 12s + 12 are added to 
Fig. 14. Fig. 15. Fig. 16. 
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obtain a perfect splitting of K12s+12- This establishes the theorem for n t> 49. The 
cases 13 <~ n <~ 48 have been done by the author and can be obtained on request. 
Appendix 
Case n = 3 (mod 12) 
12s + 3. (9s - 3, 12s - 4, 3s - 4, 12s - 1) 
(4, 12s - 7, 7, 9s) 
(9s + 7, 3s, 3s + 4) 
(3s + 8, 9s + 2, 9s + 6) 
: : : 
(12s - 2, 0s - 9, 6s - 5) 
(0s +9,  2, 6) 
(10, 0s +4,  6s +8)  
(3s - 5, 9s - 11, 9s - 7) 
(0, 3s + 5, 3s - 7) 
(1, 6s + 3, 6s +5)  
(3, 9s + 3, 3s + 2) 
(3s - 10, 6s -6 ,  3s - 1) 
(3s - 6, 9s - 5, 9s - 4) 
(3s - 3, 9s - 2, 9s - 1) 
(3s - 2, 3s + 1, 12s) 
(6s - 3, 9s + 1, 6s + 6) 
(6s - 2, 6s, 12s - 3) 
(6s - 1, 9s + 4, 9s - 8) 
(6s + 2, 6s + 1, 12s + 2) 
Case n =- 4 (mod 12) 
12s + 4. (5, 6s + 3, 6s + 2) 
(3s +6, 9s +4, 9s + 3) 
(6s, 12s - 2, 12s - 3) 
(0, 2, 6s -  1) 
(1, 6s - 2, 12s) 
(3s - 3, 12s + 3, 9s - 1) 
(3s - 2, 3s + 2, 9s + 5) 
(3s + 1, 3s, 12s + 2) 
(3s + 3, 9s + 1, 9s) 
(6s + 1, 9s + 2, 6s + 4) 
Case n =- 5 (mod 12) 
12s + 5. (6s + 4, 6s + 3, 6) 
. 
Case n =-6 
12s + 6. 
(9s + 5, 9s + 4, 3s + 7) 
(3s - 1, 3s - 2, 9s + 2) 
(6s - 1, O, 12s + 4) 
(6s + 5, 1, 12s + 3) 
(3, 9s, 9s + 6) 
(3s + 1, 9s + 1, 6s + 2) 
(6s, 3s + 2, 12s + 2) 
(3s + 3, 3s + 4, 9s + 3) 
(6s - 1, 12s + 5, 12s + 4) 
(mod 12) 
(0, 2, 6s, 6s - 1, 12s + 4) 
(9s + 9, 3s + 2, 3s + 6) 
(3s + 10, 9s + 4, 9s + 8) 
(6s - 2, 12s - 8, 12s - 4) 
(8, 6s + 2, 6s + 6) 
(6s + 10, 3, 7) 
(3s - 1, 9s -7 ,  9s -3 )  
(1, 6s + 7, 12s - 5) 
(4, 5, 6s +4)  
(3s -6 ,  6s - 7, 6s -4 )  
(3s - 3, 3s, 12s - 1) 
(3s - 2, 12s - 2, 6s - 3) 
(3s + 1, 9s + 3, 9s + 5) 
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(3s + 3, 3s 4- 7, 12s + 3) 
(3s +4, 9s +2, 9s + 1) 
(6s + 1, 6s + 3, 12s) 
(9s -  1, 9s -  4, 12s + 2) 
(9s, 9s + 6, 12s + 5) 




(3s, 9s + 7, 9s + 5) 
(3s + 1, 3s + 3, 1, 9s + 7) 
(3s, 6s + 1, 12s + 5) 
(0, 9s + 5, 6s + 4) 
(2, 6s + 2, 6s + 3) 
(3s - 3, 12s + 6, 12s + 3) 
(3s - 1, 9s + 6, 9s + 4) 
(3s + 2, 9s + 2, 9s + 3) 
(3s +5, 9s+8, 6s+6)  
(6s + 5, 6s +7, 4) 
(3s + 4, 3s + 6, 9s + 10) 
(6s - 2, 6s, 12s + 4) 
Case n = 9 (mod 12) 
12s + 9. (3s - 1, 12s + 5, 6s - 1,6s + 1) 
(3s + 3, 3s + 8, 9s + 5, 3s + 5) 
(7, 9, 6s + 13) 
(9s + 13, 9s + 15, 3s + 12) 
(12s + 1, 12s + 3, 6s) 
(1, 3, 6s +7) 
(9s + 7, 9s + 9, 3s + 6) 
(6s + 6, 6s + 8, 5) 
(0, 6s + 2, 2) 
(4, 6, 6s + 10) 
(8, 6s + 11, 3s + 9) 
(3s -  2, 9s, 3s) 




2, 9s +4, 3s +4) 
10, 9s + 10, 9s + 11) 
3, 9s + 8, 9s + 2 ) 
(6s +4, 6s +9, 12s +6) 
(9s + 3, 12s +4, 9s +6) 
(9s + 12, 9s + 14, 12s + 8) 
Case n =- 10 (mod 12) 
12s + 10. (6s + 1, 6s + 3, O) 
(3s, 3s + 2, 9s + 6) 
(6s -  3, 6s -  1, 12s + 3) 
(3s - 4, 12s + 5, 12s + 2) 
(9s + 1, 3s - 2, 12s + 8) 
(3s - 1, 9s + 2, 6s) 
(3s + 1, 9s + 4, 6s + 2) 
(9s + 3, 12s + 4, 12s + 9) 
Case n =- 11 (mod 12) 
12s + 11. (0, 1, 6s + 7) 
(9s +6, 9s +7, 3s +6) 
(12s + 3, 12s + 4, 6s + 3) 
(6s + 2, 2, 12s +9) 
(3s, 3s + 2, 12s + 10) 





5, 12s +6, 9s + 8) 
1, 3s + 3, 12s + 11) 
Case n =-- 12 (mod 12) 
12s + 12. (3s+3,3s+1,3s+6,9s  
+3,9s +4) 
(6s + 9, 6s + 10, 9) 
(3s + 8, 3s + 9, 9s + 15) 
(12s + 4, 12s + 5, 6s +4) 
(0, 6, 3s + 4) 
(1, 6s +3, 3) 
(2, 6s + 2, 12s + 8) 
(4, 5, 6s + 11) 
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(3s + 2, 12s + 10, 12s + 11) 
(3s + 5, 9s + 7, 3s + 7) 
(3s + 10, 9s + 10, 12s + 9) 
(6s + 5, 9s+6,  6s+8)  
(6s + 6, 9s + 8, 9s + 11) 
(6s + 7, 9s + 9, 9s + 12) 
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